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Abstract

We study drawdowns and rallies of Brownian motion. A rally is defined as the difference of
the present value of the Brownian motion and its historical minimum, while the drawdown is
defined as the difference of the historical maximum and its present value. This paper determines
the probability that a drawdown of a units precedes a rally of b units. We apply this result to
examine stock market crashes and rallies in the geometric Brownian motion model.

1 Introduction

In this paper we determine the probability that a drawdown precedes a rally in the Brownian
motion model. The probabilities are computed by means of the distribution function of the random
variables y;l(a) and yi(b), where yﬂ (a) represents the value of the upward rally when the drawdown

process reaches the level a for the first time, and Yr, ( represents the value of the drawdown when

b)
the upward rally process reaches the level b for the first time. Using the results of Taylor [11] and
Lehoczky [4] concerning the distribution of a stopped drifted Brownian motion at the first time

of the downfall of level a, we are able to show that the probability density functions of yzfl(a) and
Y, (v) are exponential, but with a discrete mass at 0. The paper concludes with a solution to the
problem of computing the probability that a drop of (100 - &)% from the running maximum of a

stock price occurs before a rally of (100 - 3)% from its running minimum, given that the stock price
follows a geometric Brownian motion.

Risk management of drawdowns and portfolio optimization with drawdown constraints is be-
coming increasingly important among the practitioners. Chekhlov et. al. [2] studied drawdown
measures in porfolio optimization. Magdon-Ismail et. al. [5] determined the distribution of the
maximum drawdown of Brownian motion.

Our results are connected to a recent paper by Meilijson [6], where the results of Taylor [11]
and Lehoczky [4] are used to derive the expected time to a given drawdown of Brownian motion, as
well as the stationary distribution of the drawdown process. An alternative derivation of the above
expected value based on the expected delay of the CUSUM stopping time, appears in Hadjiliadis
& Moustakides [3]. The CUSUM stopping time was first proposed by Page [8] and was used
subsequently as a means of detecting a regime change in the Brownian motion model (see Shiryaev
[9], Beibel [1], and Moustakides [7]).

In the next section we first outline the main results of the paper. We then proceed to give an
example of an application of these results in the examination of stock market crashes and rallies.
We finally give some concluding remarks.



2 Results

Consider the process X; with the following dynamics:
Xi =W+,

where v € R and W; is a standard Brownian motion process.

The quantity

measures the size of the rally comparing the present value of the process to its historical minimum,
while the quantity

sup X — X,

s€[0,t]
measures the size of the drawdown comparing the present value of the process to its historical
maximum.

The aim of this section is to determine the probability that a drawdown of size a precedes a
rally of size b. We introduce the stopping times:

Ti(a) =inf{t >0: sup X;— X; =a, a€ Ry},
s€[0,t]

and

To(b) =inf{t > 0: X; — iI&)f}XS:b, be Ry}
se|0,t

Consider the stopping time T'(a, b) = T1(a) AT2(b). The stopping times T} (a) and T5(b) indicate
respectively, the first time that the drawdown process reaches the critical level a, T (a), and the
first time the upward rally process reaches the critical level b, T5(b). In this section, we compute
the probabilities of the events {T'(a,b) = T1(a)}, which represents the event that the drawdown of
size a occurs before the rally of size b, and {T'(a,b) = T»(b)}, which represents the event that the
rally of size b occurs before the drawdown of size a.

In order to simplify notation we introduce the following processes:

mf = inf X,
s€0,t]

m; = inf (=X;)=— sup Xj,
SE[O,t] SE[O,t]

y;— = Xt — m;‘,

Yy, = —Xi—my.

Using the above notation, the stopping times 77 (a) and T5(b) become
Ti(a)=inf{t >0:y, =a, acRy}
Tr(b) =inf{t >0:y;” =b, beRy}

Theorem 2.1 Let Xy = Wy + ~t be a standard Brownian motion with drift v € R; T, T1 and Ts
be the stopping times defined above. We distinguish the following two cases:



1.b>a>0

The probability of the drawdown preceding the rally, or the rally preceding the drawdown, are
given respectively by

(2.1) P@uuw:zu@) - mA+ﬂ—nmy[L—mpC}ﬁll(b—@ﬂ,

(2.2) P@@@zﬂ@):(kwmﬁmC?%T@—m,

where
—2va _
e + 27ya —1
(23) ma = e2va + e—2va _9°
2.a>b>0

The probability of the drawdown preceding the rally, or the rally preceding the drawdown, are
given respectively by

(2.4) P@@m:ﬂmg::ufmmf@(ﬁg%ymfm,
(2.5) P(T(a, b) = Tg(b)) = mp+(1—mp)- [1 —exp (—% (a— b))] :
where

e —2~bh — 1
e21b 4 e=20b — 2’

(2.6) mp —

The proof of the theorem uses the following proposition:

Proposition 2.2 The probability distribution functions of the random variables y}fl(a) and y;Q(b)
are given by:

1.

(2.7) P(y;fl(a) =0) = ma,

(2.8) P(y;l(a) edr) = (1—my)- [% - exp (—823%_1 : 7’)} dr , r >0,

where my is given by equation (2.3).

(2.9) P(yj:z(b) =0) = mp,

(2.10) P(yi(b) €dr) = (1—mp)- [% - exp (—% . r)} dr , r >0,
where mp is given by equation (2.6).

In order to prove Proposition 2.2 and Theorem 2.1, we will need the following two lemmas.



Lemma 2.3 Fora, b€ R, we have:

1% — 2ya — 1
e ya
2.11 E[T = —
(2.11) [T1(a)] P
e 2% 4 29h — 1
272 '

(2.12) E[B0)] =

PROOF. Let g(z) = =27 + 2yx — 1. By applying Itd’s rule to the process g(y; ) we get

1
(2.13) dg(y) = ¢(yH)dW, + ¢ (y;")dt — ¢’ (i )dmy + 59”(yf)dt-

We notice that the third term in the right hand side of the above equality disappears because
dml;F # 0 only when y;“ = 0 and ¢’(0) = 0. We also notice that the function g satisfies the second
order differential equation

1

(2.14) 79 (z) + 59"(x) = 29",
Solving equation (2.13), we get:

+ S ! oAy o Lo+
(2.15) 9(y) —g(0) = 9 (5 )dWs + o\ () + 59" (y") ) ds

Let
Sp = inf{t > 0; 22t > n}.

Let T3(b) = T(b) AS,,. Obviously, T#(b) is a.s. finite. On the event {73'(b) > ¢}, we have {y;” < b}.
Consequently,

(2.16) E

e o, 2
/0 292 (57 )ds| < (¢/(1))*n < oo.
Evaluating (2.15) at 75'(b), and taking expectations, while using equations (2.14) and (2.16) we get
EloWhe)| = 22T
But
(2.17) 90) > o).

Hence we have that
9(0) = 29°E [T (0)] = 29°F [1{ry—ocy | -

Letting n — oo and using the bounded convergence theorem, we deduce that T5(b) is finite a.s. as
well.

Evaluating both sides of equation (2.15) at T5(b), and taking expectations of both sides,
while using equation (2.14), and the fact that the quadratic variation of the stochastic integral

fOT 2(6) g (y;)dW, is finite (this follows from equation (2.16) and the a.s. finiteness of T3(b)), we get

(2.18) g(d) = 2y E[Ty(b)].



Consequently,

g(b)
2.1 ETy(b)] = =—=.
(219) me) = 5
Similarly, we can show that
g(—a)
(2.20) E[Ti(a)] = R
This concludes the proof of the lemma. o

Lemma 2.4 We have
+ o + -
Y, +y, = max{supyy,supy; }.
s<t s<t
PROOF. Observe that

(2.21) yi Fyp = —mi —my

We notice that the process yt+ +y; can only increase when either X; = m;r or —X; =m, , both
of which cannot happen at the same time, since that would imply that y;r +y, is 0. Therefore,
yf +y, is a constant as a function of time unless either yf =0 ory, =0, at which instant ¢, we
simultaneously have:

L. ma‘x{y;_7yt_} = ma’X{{Supsgt yg_aSUpsgt ys_}}v
2. sups; (y +us) = v +ur -

This completes the proof of the lemma. o

As a consequence of this lemma we have

(2.22) Vi) = (tng%)yj—a)vo,
(2.23) Uy = (é%f%) Y, —b)VO.

Finally, in order to proceed to the proof of Proposition 2.2 and Theorem 2.1, we will use the
results of Taylor in [11] and Lehoczky in [4]. Taylor computes the bivariate Laplace transform of
X71(a) and Ti(a), where Ty is defined as above. Lehoczky pointed out that the random variable
XTy(a) T @ = Sup;<7, (q) Xt has the exponential distribution:

(2.24) X7 (@)t @ ~ Exp (%) .

Note that the exponential parameter becomes equal to % in the case when v = 0. Now we can
proceed to the proof of Proposition 2.2 and then to the proof of Theorem 2.1.

PROOF OF PROPOSITION 2.2. We will only compute the probability density function of the random
variable y;l (a) since the computation of the probability density function of the random variable y;Q(b)

is done in a similar way. From equation (2.22), it follows that

(2.25) P(y;l(a) = O) = P(tg%’?é) Y < a),



while

+ _ + ) + +
(2.26) P(?/Tl(a) € d?“) = P(éHT% Y > a) P(yTl(a) €dr| nax g > a)

= P(y;l(a) > O) -P(y;l(a) e dr | yzfl(a) > 0) , r>0.
In the next discussion we first demonstrate
(2.27) [’<y;1(a) | y;l(a) > O) = E(XTI(Q) —i—a).
To see this, let
(2.28) Ry = sup{t < Ti(a);y;” = 0}.

Fix r > 0. Then

P (XTI (a)_infngl (a) XSEdT>

+ + _
P(viw €0 |0, > 0) = P (max,cr, o i 2a)
Xt<Ti(a) Yt =

P<XT1(a)_XR1 +XR1 _infSSTl (a) Xs€dr | R1<Ty (a)) P<R1 <Ti (a))

P(maxf§T1 (a)(Xt_XRl +XR1 —infSSt Xs)>a | Ri<Th (a)) ~P<R1 <Ti (a))

P (XTI (a) 7XR1 +XR1 7infs§R1 Xs edr I Rl <T1 (CL)) P <XT1 (a) *XRl Edr | Rl <T1 (CL))

P<maXtST1(a)(Xt_XR1 +XR1 _infSSRl Xs)Za | Ri<Th (a)) P(maxtSTl(a) Xt_XRl >a | R1<T1(a)>

P<XT1<a)*XR1 €dr | R1<T1(a)> _ P(Xrpy(q)€dr)

P(max;< (o) Xt>a)
P MAaX Ry <t<Ti(a) Xi—Xp,>a | Ri<Ti(a) <Ty(a)

= de e — \e"Mdr = P(Xpy() +a € dr),

_ 2y
where A = —157. Therefore, we get

2y

+ +

From equation (2.22), it follows that

(2.30) Pyt =0) = P(Tl(a) < T2(a)>.

To compute P(Tl(a) < TQ(CL)), we first notice that

(2.31) Ti(a) = T(a,b)+ (Tl(a) ~ T(a, b))l{T(a,b):m)},
(2.32) Ty(b) = T(a,b)+ (Tg(b) - T(a,b)) 1 T(ab)=T1(a)}
Taking expectations we get

(2.33) E(Ti(a)] = E[T(a,)]+ E|(Ti(a) = T(a,5)) Lrap=rsy ] -
(2.34) E[13(0)] = ET(,b)]+E [(To0) - T(@,h) )1 r@h=rw)] -
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With a = b and equation (2.22), it follows that

(2.35) E[Ii(a)] = E[T(a,0)] +E[Ti(a)] - P(Ta(a) < Ty(a)),
(2.36) E@@]:E@@M+Em@yﬂn@<n@)
Using

P(Tl(a) < Tg(a)) + P(Tg(a) < Tl(a)> —1
and equations (2.35) and (2.36), we conclude that
E[Ty(a)]
E[Ty(a)] + E[Ti(a)]

The result now follows by substituting (2.29), (2.30), (2.37) into equations (2.26), and (2.25), while
using Lemma 2.3. This completes the proof of Proposition 2.2. o

(2:37) P(Ti(a) < To(a)) =

PrROOF OF THEOREM 2.1. We will prove the theorem in the case that b > a since the proof is
similar in the case a > b. Suppose that b > a.

From Lemma 2.4 and equation (2.22), it follows that on the event {T3(a) < T2(b)} we have

0 if max <T y+ <a
2. + = s<Ti(a) Is s
(2.38) Y71 (a) { max,<p, (o) ¥s —a if a <max,<q () ys <b.
Therefore,

b—a
(2.39) P<Tﬂ@<<TM@) = Plyfy =0+ | Pl cdn),
0

and the result is obtained from Proposition 2.2. This completes the proof of Theorem 2.1. o

Corollary 2.5 Let X; = W; be a standard Brownian motion and let T, Th and T be stopping
times defined as above. We distinguish the following two cases:

1.b>a>0

The probability of the drawdown preceding the rally, or the rally preceding the drawdown, are
given respectively by

(2.40) P(T(a,b) =Tila)) = % + % [r—emiea],
(2.41) P(T(a,b) = To(b)) = ;gﬁwx
2.a>b>0

The probability of the drawdown preceding the rally, or the rally preceding the drawdown, are
given respectively by

1
.eb

+ % . [1 - e_%(“_b)} .

(a—b)

)

(2.42) P(T(a,b) =Ti@)) =

[NCNREN OR

(2.43) P(T(a,b) =T5(b)) =



PROOF. It is a simple consequence of Theorem 2.1 by taking the limit as v — 0. o

Corollary 2.6 Let Xy = W; be a standard Brownian motion. The probability distribution function
of the random variables y;fl(a) and yi(b) are given by

1.

(2.44) Pyt ,=0) = !

. yTl(a) - - 27

2.45 Pyt edr) = . |tetr|d 0

(2.45) (yTl(a)e r) = 3 ae a r,or>
2.

2.46 Ply; .»=0) = !

( . ) (yTg(b) = ) DX

2.47 Py, edr) = = |t ir|a 0

(2.47) (yTQ(b) €dr) = 3 ge r,or>

PrOOF. The above corollary is a consequence of Proposition 2.2 by letting v — 0. o

Example: Stock Market Crashes and Rallies. Suppose that we have a stock S; whose
dynamics follow a geometric Brownian motion:

(248) dS; = ,uStdt + oS dW;.

What is the probability that this stock would drop by (100-«)% before it incurs a rally of (100-3)%?
We can solve this problem by using Theorem 2.1. First observe that

(2.49) Sy = Soexp ((u — 30°)t + oW;) = Spexp(0Xy),
where X; = W+ (& —

o

Z)t. Let Ui(ar) be the first time the stock drops by (100-a)% from its running
maximum and Usz(3) be

the first time the stock rallies by (100 - £)% from its running minimum.

Let
My = sup Sk,
0<s<t
and
Ny= inf S
T st 8

Notice that

(2.50) Ui(a) =inf{t > 0:5; < (1 —a)M}
=inf{t >0: sup Xs—X; > —Llog(l—a)} = T1(—Llog(l — @)),
0<s<t
and

(2.51) Us(B) =inf{t >0:S; > (1+ B)N;}
=inf{t>0: X; — inf X,> Llog(1+ )} = To(L log(1 + B)).



Thus
(2.52) P(Ui(a) < Us(B)) = P (Ta(— 2 log(1 — @) < Ta(5 log(1 + ) ,

and we can apply Theorem 2.1 with the following parameters: a = —% log(l—a), b= %log(l +0),
v = £ — §. The resulting probability is given by:

(= a)(1+B) <W>

(1+8) [20%71] + (20%_1) log(14+8)—1

(2.53)  P(Ui(e) < Us(B)) = ey =
(1+6) Vo HH(4p)e? -2

8
when o > el and

1
a
2K 1

(- a)(1 + 8)] <1<1>[7]>

(1—a)7[2:7271]+(20%—1) Jog(1—a)—1

(2.54) P(Ui(a) <Uz(B)) =1-

)

(1—04)_[2?7_1]—1-(1—(1)[23%_1] _9

when o < % In the case when p = %0'2, the above formulae simplify to

(2.55) P(Ur(a) < Us(8)) = 3[(1 = a)(1 + B)] 07,
when a > 175, and

(2.56) P(U1(0) < Us(B)) = 1= 5[(1 = a)(1 + )]0,
when a < %.

3 Conclusions

In this paper, we are able to compute the probability that a drawdown of size a occurs before an
upward rally of size b in the drifted Brownian motion model and use this result to compute the
probability that a drop of a given percentage « from the running maximum of a stock occurs before
a rise of a given percentage § from the running minimum of a stock.

It is worth pointing out that using these results, one can compute the expected time of the
minimum of the stopping times T3 (a) and T»(b). This is of great interest for detecting a regime
change in the case of two-sided alternatives. Stopping times such as the minimum of T’ (a) and T5(b)
resemble the 2-CUSUM stopping rule that has traditionally been used in the detection of regime
changes in the presence of two-sided alternatives (see for example Hadjiliadis & Moustakides [3],
Tartakovsky [10]).
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