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1 Introduction.

Financial assets returns are in general not normally distributed. Strong empir-
ical evidence against the normality of the returns has been reported in the past
years by several authors. This evidence suggests that the probability distribu-
tion followed by the returns is often characterized by skewness and leptokurtic
behaviour. This departure from the normal distribution usually exhibited by
the returns of many financial assets is even more accentuated in the hedge fund
environment. In this context, the returns distribution is strictly linked to the
return generating process adopted by the fund manager and the strategy em-
ployed to exploit market opportunities is strongly affecting the return profile.
In an asset allocation context, the presence of asymmetry and fat tails vio-
lates the assumption of elliptically distributed asset returns that underlies the
traditional mean-variance analysis (see Ingersoll 1987).

The asymmetry in the return distribution will have an impact on the portfo-
lio selection task for the investors that have preference for skewness. A study by
Arrow (1971) suggests that non increasing absolute risk aversion is a desirable
property of a utility function. It is possible to show that under non increasing
absolute risk aversion the investors will exhibit preference for positively skewed
portfolios. Scott and Horvath (1980) point out that under the assumptions
of positive marginal utility, decreasing absolute risk aversion and strict con-
sistency for moment preference (i.e. all moments are always associated with
the same preference direction for any wealth level), investors will exhibit pref-
erence for odd moments and aversion for even moments. Several researchers
have proposed advances to the traditional mean variance theory in order to
include higher moments in the portfolio optimisation task (see Athayde and
Flores(2001), Adcock (2002), Jondeau and Rockinger (2004) among others). In
the hedge fund context, recent research has proposed new methods to include
higher moments in the hedge fund portfolio selection. A work by Bacmann and
Bosshard (2003) suggests using an asymmetric risk measure in order to penalise
fat negative tailed investments and reward investments with fat positive tails.

Moreover, in order to select the optimal portfolio, a preliminary assess-
ment of the relevant beliefs about future performances of the available assets is
needed. The method proposed by Markovitz (1952) is addressing the selection
of the optimal portfolio using as inputs the parameters of the return distribu-
tions of the available assets. Since in general the true values for the parameters
of the future returns distribution are not known, an estimate of these values
must be used. This generates an estimation risk that must be included in the
portfolio selection task. Many studies are addressing the estimation risk issue
but remain in a mean variance framework. In this context, a well-studied solu-
tion (see Bawa and Klein(1976), Jobson and Korkie (1980), Jorion(1986) and
Polson and Tew (2000) among others) is given by the use of Bayesian estimation
techniques where parameter uncertainty is explicitly considered and predictive
parameters can be used to describe future return distributions.

A recent work by Harvey, Liechty et al.(2004) propose a method to ad-
dress both estimation risk and the inclusion of higher moments in the portfolio



selection. They suggest specifing a Bayesian probability model for the joint
distribution of the asset returns when these returns are driven by a Skew Nor-
mal distribution. This allows us to capture the asymmetry of the returns and
include it in the portfolio selection task. In such a Bayesian framework the ex-
pected utilities are then maximized using predictive returns. This thesis applies
such techniques in a hedge fund portfolio selection context. To our knowledge
this approach was never applied in such environment. The heterogeneity of
different styles and hedge funds characteristics produces a great variety also in
the behaviour of the higher moments of the return distributions and this makes
this context particularly interesting to assess the impact of higher moments on
the asset allocation process. In addition, we extend the method proposed by
Harvey Liechty et al. using together with the Skew Normal model, also a model
based on the Skew t distribution. The Skew ¢ distribution was already used in
other studies to model financial assets returns as in Patton (2004). However
such a distribution was never applied in the Bayesian portfolio optimisation
approach where also the estimation risk is taken into account. Given the char-
acteristics of the hedge fund returns, we find opportune trying to model the
returns not just with a Skew Normal distribution but also with a Skew ¢ distri-
bution. Comparing the two models we find that, in this environment, the Skew
t distribution is providing strong improvement in fitting the observed data. In
this context, in fact, the Skew Normal model is probably not flexible enough
to fit the data observed and in particular to provide reliable estimates for all of
the first three moments.

The rest of the thesis is organized as follows: Section 2 describes the hedge
fund environment with emphasis on the analysis of the different managing styles
and on how the distribution of the fund returns are affected by the strategy
adopted. In Section 3 the model is described. The class of Skew elliptical
distributions proposed by Sahu et al. (2003) is defined together with the Skew
Normal and Skew ¢ special cases. Then the Bayesian inference technique is
explained and specification of the models for Bayesian estimation is provided.
Section 4 addresses the estimation of the predictive distribution in order to
take into account for parameter uncertainty and estimation risk. In Section 5
the empirical results obtained from the application of the proposed models to a
dataset consisting of hedge fund strategies returns are presented. A preliminary
assessment of the non-normality of hedge fund returns is also provided.



2 Hedge Fund environment.

Hedge Funds are private investment vehicles where the manager is free to op-
erate in a variety of markets using investment strategies not restricted in short
exposures or leverage. Typically the legal form adopted is the limited part-
nership, where the manager is usually the general partner and investors are
limited partners. The main differences with traditional long-only mutual funds
are given by the differences in trading strategies and regulation. The freedom in
the managing process and the lack of regulation are probably the main reasons
for the heterogeneity and variety of characteristics of the hedge fund industry.

Following Fung and Hsieh (1997), hedge funds can be classified on the basis
of three key characteristics: location, strategy and leverage. The location iden-
tifies the markets on which the funds are specialised or the financial instruments
they mainly trade as for example equity or bond markets. The strategy spec-
ifies the trading methods adopted by the managers and the kind of approach
used to take advantage of market opportunities. Strategies can be based on
exploiting arbitrage opportunities, assuming long and/or short positions in fi-
nancial assets or adopting a trend following approach. Finally, hedge funds can
be distinguished on the basis of the amount of leverage used.

In this classification, a traditional mutual fund can be characterised as op-
erating in equity and/or bond markets, having a buy and hold strategy and no
leverage. In the mutual fund universe, the location represents the only distin-
guishing element. Applying the same classification setup, any of the traditional
hedge fund styles can easily be characterised. Hedge funds offer more variety
and therefore the hedge fund universe is usually segmented in styles.

The principal hedge fund styles can be described as follows:

For the Relative value style the strategies rely on the identification of ar-
bitrages opportunities on the price of the securities traded. Within this group,
the Convertible Arbitrage strategy is located in convertible bonds markets and
seeks to capture mispricings of the options embedded in these instruments. The
risk-return characteristics of convertible arbitrage funds are analysed in detail
in a recent work by Agarwal, Fung et al. (2004). The Fized Income arbitrage
strategy operates within global fixed income markets and is characterised by
high levels of leverage and mainly adopting an approach based on convergence
trading. Convergence trading consists in assuming offsetting positions in se-
curities with similar characteristics but different prices in order to profit when
the prices will narrow. The returns generated by these strategies are nega-
tively skewed. In fact, the profits arising from single arbitrage opportunities
are limited by the spread size but occasionally, under particular circumstances,
the strategy may fail as the spread widens instead of disappearing. Since in
general the strategy is long on the more illiquid securities, which can hardly be
sold in bad circumstances, the occasional failure of the strategy can result in
very high losses for the manager. An example of the extreme market conditions
that can cause similar strategies to fail is the occurrence of a flight to quality.
During this kind of market circumstances the prices of high rating securities
will rise while the prices of credit sensitive securities will drop. A convergence



trading strategy involving a long position in low rating securities and a short
position in treasury bonds will suffer significant losses in such situation. The
returns are thus expected to present a large number of positive and relatively
small observations with few large negative events. A study by Fung and Hsieh
(2002) focused on fixed income strategies points out the fact that a convergence
trading strategy can be modelled as a short position in a lookback straddle.

Event Driven style relies on the identification and analysis of securities
that can benefit from the occurrence of extraordinary transactions such as merg-
ers, liquidations, bankruptcies or similar events. Event driven strategies are
put in place in order to take advantage of valuation disparities produced by
corporate events. Within this style the Distressed Securities strategies invest
in undervalued securities of companies experiencing financial distress. An ap-
proach adopted by the funds operating in these strategies is based on investing
in equity or bonds of selected distressed firms that are expected to recover. An-
other approach is addressing firms in much more advanced distressed situation
by buying a consistent portion of the firm’s debt and trying to get rid of the
shareholders in order to gain the control of the reorganization process.

The Merger Arbitrage strategies rely on the identification and analysis of
securities that can benefit from the occurrence of mergers and acquisitions.
The funds operating within the Merger arbitrage style exploit the arbitrage
opportunities created in these corporate events typically by buying stocks of
the target company and shorting the stocks of the acquirer, trying to capture
the merger spread. However, if the deal fails, the arbitrageur will face a loss
that is usually much greater than the profits obtained in case of success of the
strategy. Mitchell and Pulvino (2001) provide a detailed study of this kind
of strategies and point out that the payoff generated from Merger arbitrage
strategies is equivalent to the payoff generated by selling uncovered put options.
Such payoff will produce a strong asymmetry in the distribution of the returns
generated by these strategies.

Global Macro style relies on macroeconomic analysis to take bets on ma-
jor risk factors such as currencies, interest rates, stock indices and commodities.
Macro strategies exploit changes affecting global markets and economies. Hedge
funds operating in this style usually pursue a base strategy like futures trend fol-
lowing and then add to this strategy some large scale high leveraged directional
bets in other markets when the opportunities show up. For example, George
Soros’ Quantum fund made large gains by betting that the British pound would
drop out of the European Rate Mechanism in 1992

Emerging markets strategies focus on equity and fixed income investments
in emerging markets. This style is highly volatile since emerging markets are
more volatile themselves and offer limited instruments for hedging risk. Due to
short selling restrictions and the lack of sophisticated derivatives these funds
are usually investing in the long only side. These funds are exposed to market
risk and credit risk from the countries in which they are invested.

Equity hedged style seeks to anticipate movements on the equity markets
from signals generated from statistical, fundamental and technical analysis.



These strategies are characterised by being located on the equity market and
exploiting techniques such as pairs trading (see Gatev et al.,1999), contrarian
and momentum trading'. Equity Market-Neutral strategies exploits inefficien-
cies in equity markets and is designed to have zero correlation with the market.
Arbitrage opportunities are identified by statistical or fundamental analysis.
Long and short positions are adjusted in order to eliminate all sources of risk
except the ones on which the strategy is focused on.

Long/Short Equity funds combine long as well as short equity positions.
They can add value in both directions by selection of undervalued stocks to
buy or overvalued stocks to sell. Thus, short positions are not only taken to
hedge systematic risk but also to benefit from opportunities. These funds can
adopt consistent or variable net long or net short exposure. They tend to build
portfolios that are much more concentrated than traditional mutual funds.

Managed Futures (Commodity Trading Advisors) adopt mainly trend
following strategies investing in worldwide futures markets. Funds operating
within this style are trading futures and derivatives on financial instruments
and tangible commodities. Fung and Hsieh (2001) show that the payoff to a
“trend following” hedge fund strategy is related to a payoff from an investment
in a lookback straddle. The skewness of returns generated by funds in this cate-
gory tend to be positive since this strategy, as a lookback straddle, is providing
downside protection while allowing for large gains during extreme up and down
moves of the markets.

In contrast with the mutual funds environment, in the hedge fund context
the variety of different strategies and levels of leverage used, together with the
location, will become very important in the analysis of the return generating
process. In particular, the strategy adopted is here a very important determi-
nant of return characteristics. A study conducted by Agarwal and Naik (2001)
point out that a factor model consisting of a trading strategy factor and a lo-
cation factor is able to explain a significant portion of the variation in Event
Driven and Relative Value arbitrage returns over time. The hedge fund’s return
generating process is strictly linked to both the location and the style or strat-
egy followed by the manager. Thus, also the distribution of the returns will
depend on the location and strategy adopted. These two factors can combine
in different ways to yield significant performance differences. This link between
the returns profile and the hedge funds characteristics allows to retrieve signif-
icant information on the distribution of future returns not only from the past
returns time series, but also from a careful analysis of the strategies.

Due to the strategies used, hedge funds returns exhibit typically strong devi-
ations from the normal distribution. A more detailed analysis of the normality
departures is presented in section 5. Here, the normality of returns is strongly
rejected. Studies such as Brooks and Kat (2002) and Schmidhuber and Moix
(2001) show that in general hedge fund returns exhibit skewness and leptokurtic
behaviour.

or a reference on these trading techniques see De Bondt and Thaler (1985), Conrad and
Kaul (1998) and Jegadeesh and Titman (1993).



3 The Model

3.1 Skewed Distributions.

In order to model Hedge Fund returns the probability distribution needs to
represent the existence of skewness. In recent years an increasing number of
publications have proposed different methods for the definition of both univari-
ate and multivariate skewed distributions.

Azzalini (1985,1986) was among the first to introduce and investigate the
univariate Skew-Normal distribution. This family of skewed distributions was
later extended by Azzalini and Della Valle (1996) to the multivariate case. The
approach used to obtain this kind of distributions is based on conditioning on
a latent variable. Using this approach different definitions and generalizations
of skewed distributions have been proposed. A good survey of these “hidden
truncation” models is provided by Arnold and Beaver (2002). A class of mul-
tivariate skew-elliptical distributions was proposed by Branco and Dey (2001)
and then improved by Sahu, Branco and Dey (2003) by extending the number
of the conditioning arguments to match the number of observed variables?.

Figure 3.1 - Probability density function for the Skew Normal Distribution
obtained by Azzalini and Della Valle (1996);

The analysis developed in this thesis will focus on the class of Skew Elliptical
Distributions introduced by Sahu et al. Two distributions of this class will be
fitted to the hedge fund returns data. Up to now the use of skewed distribution
has been mainly restricted to the Skew Normal distribution and applications of
more general skew-elliptical distributions have been quite seldom.

3.1.1 General Model

Sahu et al. (2003) define a skew elliptical class of distributions by transform-
ing elliptically symmetric distributed random variables and then conditioning

2Recently an even more flexible family of skewed distributions has been suggested in Fer-
reira and Steel (2004).



on some latent variables. The starting point is thus the family of elliptical
distributions that can be defined as follows:

X ~ El,(0,%; g(p)) if the p-dimensional random vector X has multivariate
density equal to

f(x;0,5,9®)) =[5 72 g@) {(x — 0)S " (x — 0)} x € RP
with o0(u) = SR fHE s, a2 0

and where g(u;p) is a function from R™ to R™ such that the integral

JoC P2 g (r; p)dr exists.

The Multivariate Normal distribution is a special case of the previous model
by setting ¢(u; p) = gNorm := €~ %/2. Similarly, when choosing g(u;p) = g; :=
(1 + %)7(V+p )/2 with v > 0 the Multivariate ¢ distribution is obtained.

Skew Elliptical distribution (Sahu et al.)

To obtain the skew elliptical distribution we first consider the transforma-
tion:

X=pu+DZ+¢

where

Z is a vector of unobserved (latent) random variables whose distribution is
elliptical with zero mean and identity covariance matrix I,,.

p e RP,

D is a p x p diagonal matrix® with entries 61, ..., Op

and e ~ El,(0,%;¢gP).

As a consequence, the random variable Y =(X | Z > 0) has a Multivariate
Skew Elliptical distribution. The p-dimensional density of the random variable
Y is given by

flyiw2, D, g®P) =27 fg, (y; .2 + D?, g®)P(V > 0)

where fg, is the pdf of a p-dimensional elliptical distribution,

V ~Ely(D(S+ D) Ny — ).l — DX+ D)1 D; g% ),

T'(p/2 a+u;2
9P (u) = T2 = Tp/gz(jg(a_ffn;gp) —,  a>0

3 A different version of this model can be obtained by taking D as a full matrix as in Harvey,
Liechty et al.(2004). Though in our case this would result in a number of paramaters too high
compared with the limited number of observations in the data.



and q(y —p) =(y —p)(2+D*) 'y —p) .

An important feature of this class of distributions is that for any subset of
components of Y the marginal distribution has the same form as the distribu-
tion of Y . This coherence property is very important in a portfolio optimisation
process. In fact, it ensures that we will obtain the same solution for the port-
folio weights even if we remove the assets for whom the weight was calculated
to be zero.

3.1.2 Special cases

Skew-Normal Distribution

The skew-Normal distribution is obtained by defining

g(u; p) = e/ Thus 9P (u) = £= -

The density of this distribution will be?
fly | %, D) =20 | S+ D? |72 ¢ {(S+ D?)7H2(y — p)} P(V > 0)

where ¢, is the density of the p-dimensional normal distribution with mean
0 and covariance matrix identity
and V ~ N, {D(X + D*)"!(y — p),I- D(E + D*)~'D}

The Moment Generating function is given by
My(t) — zpq)p(Dt) e{t/ﬂ+t,(E+D2)t/2}

where @, is the cumulative density function of the p-dimensional normal
distribution with mean 0 and covariance matrix identity.
The mean vector and the covariance matrix can be calculated as:

1/2 D1

E(Y)=p+(2)
cov(Y) =% + (%)1/2 D?

For the third central moment tensor we obtain non zero values only for the
114 coordinates entries. This values can be calculated as

3 217263 (n—4
uii () = 2=,

In Figure 3.2 and 3.3 the densities of two bivariate Skew Normal Distri-
butions (Sahu et al. version) are plotted. Note that conditioning on the two

“Note that géfﬁlu) is not depending on q(y — p).



elements of the vector Z being positive allows for two lines to bound the tail of
the distribution as opposed to the Skew Normal density obtained by Azzalini
and Della Valle (see Figure 3.1) where, since the conditioning is on just a scalar
random variable, only one line is limiting the tail of the distribution.

Figure 3.2 - Bivariate Skew Normal distribution with ¢ = (8,0), ¥ =
{(0.5,0.1);(0.1,0.5)} ,61 = —5 and 63 = 5;
(In this setting we obtain the two marginal distributions with same mean and
variance.)

Figure 3.3 - Bivariate Skew Normal distribution with g = (0,0), ¥ =
{(17 O) ; (07 1)}751 = 3 and 62 = 5;

Skew-t Distribution

Let g(u;2p) = (1+ %)_(VHP 2 here v is some integer representing the
degrees of freedom.

As shown in Sahu et al.(2003), the following density for the skew-t distri-
bution is obtained:

2ty (y | X+ D*)P(V > 0)

10



where V follows the ¢-distribution ¢, ..

Using standard results on the representation of the student-t distribution
as a scale mixture of normal distribution we can obtain the Moment generating
function as

My(t) —9p fooo et’ﬂ+t’(Z+D)t/(2w)(I)p(Dw—l/2t)dG(w)

where
W ~ T(%,%) and G(w) denotes the cumulative distribution function® of

).

Then

I(

VN

9

IR

v\1/2 T{(v—1)/2
E(Y)=p+ (%) A p1

(v—2) r(%)

Using the same notation as Athayde and Flores(2002) to represent the third
central moment tensor as a matrix of order n x n?, gives

cov(Y) = [E+ (1 - 2)D* + 2D1(D1)'] %5 — DU(D1)'% [F(”Tl)r

pP(Y) =

B u3/2{4(u72)~F(”T*1)3A+F(%)2[2A+[(7r72)H+(477r)L]+7r-Q(y72)1"(”7*3)721“("7*3)(6A+(7r72)H+7r~Q)]}

273/2(v—-2)T(%)°

where
6=D1
A=568

Q=0T +T@8+vec(Z) ®6

H=¢§®D?*+ D?*® §+vec(D?) ® 6§

( vec(+) creates a vector by stacking the columns of a matrix)
and

L=(D®¥§).* (@ Iixq)

Here the symbol ® is used to indicate the Kronecker product, Ijxq is the
identity matrix and .x is the "element by element” matrix multiplication.

®The parametrization used is such that E(W) = 1.
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Figure 3.4 - Bivariate Skew ¢ distribution with v =4, = (0,0), X =
{(1,0);(0,1)}, 61 =5 and 62 = 5;
The contour plot of the Skew t (a) is compared to the contour plot of a Skew Normal
distribution (b) with same g, > and 8.

3.2 Bayesian Inference for Skew Elliptical models

It is now possible to set up a Bayesian inferential procedure where the data is
assumed to follow a Skew Normal or a Skew t distribution. The specification
of a model for the MCMC framework can be done by considering a hierarchical
model where the likelihood for the data Y conditional on Z = z is given by

Y‘Z:zwﬂ%<p+DL2y$O

with ¢(z) = 2’z

and where the marginal specification for Z will be a truncated elliptical
distribution® whose values are restricted to be positive, i.e.

Z ~ El,(0,1,¢®) I(z > 0).

Taking g(u,2p) as g¢, we obtain the Skew ¢ model. Since we can represent
the t distribution as a mixture of Normal distributions’, the likelihood for each
observation can be specified as

Yi ‘ Zi, b, EaDawi ~ Np(l"’+ DZ@', u%)

where

5In particular we will need Z ~ N,(0,I) I(z > 0) for the Skew Normal model and
Z ~ tp,u+p(0,I) I(z > 0) for the Skew ¢t model. For a proof see Sahu et al. (2003)

"See for example, McNeil, Frey and Embrechts (2005).
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Zi ~ Ny(0,1,) I(z > 0) |
Wi~ T(%,4)

and where we assume the following conjugate prior densities for the unknown
parameters:

p~ Np(m, 3,)

Y~ IWp(ex, Qx)

D1 =6 ~ Ny(d, Xs)

v~ T(7,58) I(v > 2)

with IW,, denoting the Inverse-Wishart distribution.

Note that this specification for the Skew ¢ model includes as a special case
also the model for the Skew Normal. To obtain the setup for the latter we just
need to set W; =1, Vi and remove the last conjugate prior density.

Uninformative priors on the parameters can be given in the model by setting

m=0, ¥, = 1001,

d=0, Y5 = 1001,

Cs =D, Qg = plp,

y=1land ¥, =0.1

Informative priors can be set on one or more parameters. For example, to
set informative priors on &, which is the parameter adjusting the amount of
skewness of the distribution, we can specify in the prior mean vector d the
values which reflect our prior information. It is also possible to reflect the
degree of confidence in the prior information by choosing lower values for the
diagonal elements of Y5 (prior variances). Note that setting s = %Ip, where
n equals the number of observations in the data, the model will produce a
posterior distribution which is obtained by equally weighting the information
coming from the data and the information included in the priors.

See the Appendix A.1 for a detailed specification of the full conditionals.

3.3 Bayesian Estimation using MCMC and Gibbs sampling.

Bayesian estimation can be undertaken by using MCMC methods such as the
algorithm introduced by Metropolis et al. (1953) and generalised by Hastings
(1970) or the Gibbs sampler proposed by Geman and Geman (1984). These
methods allow to produce a Markov chain whose output corresponds to a sample
from the joint posterior distribution.

13



Metropolis-Hastings algorithm

Suppose that we want to generate a sample from a distribution p(8) =
£(8)/K, for which we know f but not the normalizing constant K. The Metropo-
lis algorithm is based on generating a Markov chain by

1.) drawing samples v from a symmetric® proposal density (-, u) such that
q(v,u) is the probability of having a proposed value v given the current state
of the Markov chain u = 8¢V,

2.) computing the ratio o = % = % .

3.) accepting the new candidate value v for the Markov chain, i.e. setting
oY = v, if @ > 1. Otherwise, if a < 1 setting 0®) = v with probability a and
0®) = u with probability 1 — a.

Under mild conditions? the algorithm converges to a stationary distribution,
i.e.

O(t)i>0~p as t — o0.

A generalization to this algorithm was introduced by Hastings(1970) who
proposed to modify the acceptance ratio as

)

u,v
v,U)

_ p()a(uw) (v)q(
a= q

_ S
p(u)q(v,u) — f(u)g(

allowing to drop the requirement of ¢ being symmetric.

Gibbs Sampling

This method is a special case of Metropolis Hastings sampling where the
random value generated by the proposal is always accepted. To implement the
Gibbs sampler we need to be able to sample from the full conditional distri-
butions {p; (6| 6;j»), i =1,..,K} for all the parameters 8;, i = 1,...,k. The
algorithm proceeds by drawing iteratively from these distributions starting from
an arbitrary set of values (0&0), ey 9,(60)), i.e. draw

0\ ~ p, (61 65, ...,0)

05" ~ py (62 61,05, ... 6\

The k draws above will form one iteration of the algorithm.
As showed by Geman and Geman (1984), for the (0§t),...,91(€t)) sample
obtained after ¢ iterations we have:

8i.e. such that q(v,u) = q(u,v) for every v, u.
9See Tierney(1994).

14



(a) (0?’,...,9,@) 4 (01,...,0) ~ p(B1,....0,)  ast — oo
(b) The convergence in (a) is exponential in ¢ using the L; norm.

In the Bayesian analysis context the distribution of interest is the joint
posterior distribution, p (01, ...,0| y). Then the Gibbs sampler will require
draws from the full conditional posterior distributions p; (6;] 0;4,y).

3.4 Model selection

In the Bayesian context the most used method to choose between two competing
models is the Bayes Factor!?. This factor is defined as the ratio of the observed
marginal densities for a pair of models. Thus, given the observed data y and
two models M; and Ma, the Bayes Factor is:

M
BE = %I Mig
Bayes Factor represents the evidence provided by the data in favour of a
certain model and naturally takes into account for both the explanatory power
and the complexity of the models.
In order to estimate Bayes Factors, the approach proposed by Newton and
Raftery (1994) will be used.

108ee Jeffreys (1935,1961), Kass and Raftery (1995) and Lavine and Schervish(1999).
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4 Estimation of predictive distribution.

4.1 Addressing estimation risk.

A limitation of the traditional model is that the choice is made between alterna-
tive probability distributions where the parameters are assumed to be known. In
practice, the distributions are assumed to belong to a certain family and, since
the parameters characterizing the model are in general not known, the usual
approach consists of replacing the true parameters with their estimates that
are then plugged in the optimal portfolio formulas. This approach completely
ignores the estimation risk that arises both from the parameter uncertainty and
from the assumption made on the probability model'!.

Many studies addressing this issue have tried to incorporate estimation risk
into the portfolio choice problem. Klein and Bawa (1976) are amongst the
first to argue for the use of a Bayesian framework in order to improve the esti-
mate using predictive distributions of portfolio returns'?. Many other authors
have focused on the use of the Bayesian predictive approach to account for pa-
rameter uncertainty (see Jobson and Korkie(1980), Jorion(1985) and Frost and
Savarino(1986) among others). While the mentioned papers are all in the con-
text of i.i.d. returns, Kandel and Stambaugh(1996) and Barberis(2000) point
out the importance of recognizing parameter uncertainty also in the context of
portfolio allocation with predictable returns.

Black and Litterman (1990,1992) and Pastor(2000) improve this approach
by using the equilibrium implications from an asset pricing model to define the
priors for the model. Pdstor and Stambaugh (2000) compare different asset
pricing models from the perspective of investors who center their prior beliefs
on the models and then update those beliefs with data.

Other authors address the estimation risk issue from different perspectives.
Michaud(1998) suggests using of resampling from the estimated distribution in
order to deal with estimation error'®. Xia(2001) studies the effect of parameter
uncertainty in a dynamic continuous time context'*. Kan and Zhou(2003) are
providing an analytical comparison of alternative decision rules under estima-
tion risk.

The Bayesian approach

The Bayesian approach based on the predictive distributions pioneered by
Zellner and Chetty (1965) provides a general framework that integrates esti-
mation risk into the analysis. In the Bayesian decision rule, uncertainty about
the parameters is summarised by the posterior distribution of the parameters

See Michaud(1989) for a detailed discussion on the problems arising in implementing
mean-variance optimal portfolios.

12Bawa, Brown and Klein(1979) provide an extensive survey of the early work on the subject.

13Scherer (2002) describes this approach and some of its limitations in detail.

14Hjs findings suggest that the uncertainty about the predictive parameters introduces dy-
namic learning into the model. In addition, his results indicate that the optimal stock allo-
cation may increase or decrease with the level of parameter uncertainty, depending on the
importance of the hedge for parameter uncertainty relative to the importance of the hedge for
stochastic predictive variable.
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given the observed returns y = (yi,...,y¥n). Integrating out the parameters 0
over this distribution gives the predictive distribution for future asset returns.

Let Wy be the initial investor’s wealth and W(w,yn+1) = (14+w'yn+1)Wo)
the next period wealth. Denoting the investor’s utility function by U[W (w, yn+1)]
and the conditional distribution of the future returns by f (yn+1|8) , the con-
ditional expected utility of portfolio w is given by

Eyn+1\0 [U[W(WvYnJrl)” 0] = fyn+1 U[W(Wa Yn+1)] J (Ynt1]0) dyni1

Assuming that the parameter equals the estimate from the data means
conditioning on @ = @ , the optimal portfolio weights @w will be obtained as

& = argmax, By, 1o [U[W(w,yn11)]| 6 = 6]

= arginaxy, fyn+1 UW(w, ynt1)] f(yn+1] é) dyn+1

In contrast, the Bayesian approach considers the predictive distribution of
future returns given the observed data:

P (Yn+1ly) = Eo [f (Yn41|0)] = [p f (yn+116) p(0]y) d6
where p (0|y) is the posterior distribution of 6.

The investor’s optimal portfolio solution will be

wPeves = argmax, Eg { By, 10 [UW (w,yn41)]| 0]} =

=argmaxy [ JoUW(w,ynt1)] f (ynt1]0) p(6]y) d6 dyn+1

—argma,

fa UW(w,¥nt1)] f(Ynt1,0|y) dO dyni1

=argmaxy, [ U[W(w,yns1)] P (Ynt1]y) dyns1

As shown by Bawa and Klein(1976) the introduction of estimation risk alters
the optimal portfolio choice. Kan and Zhou(2003) show that in the mean-
variance framework, the Bayesian solution for the portfolio decision problem is
more conservative for risk averse individuals than the case where the parameters
are known. In the mean-variance framework a Bayesian approach will suggest
investing more on the riskless asset. Intuitively, the Bayesian decision rule
recognizes the estimation risk and hence is considering an additional source of
risk on the risky assets. Thus, the riskless asset becomes more attractive.

Predictive estimates.

To obtain the predictive moments we follow the setting proposed by Polson
and Tew (2000) in the mean-variance context and extended to skewness in

17



Harvey, Liechty et al.(2004). Thus we can calculate the predictive moments
from the means of the posterior moments as follows:

3

p ="M
V, = V+Var(m|y)
S,=S+3E(V&@m|y)—3E(V|y)®@m,— E[(m—my) ®(m—m,)|y]

where my, V,,, S, are the predictive (central) moments and m,V, S are the
posterior means for the moments.

Utility function

In order to capture the effect of skewness, a proper utility function must

be considered. The portfolio return for the period is defined as 7, = W'yn+1

Setting the initial wealth equal to one gives for the next period investor’s

wealth W = (1 + ;). The allocation problem for the investor maximizing his
expected utility can be stated as

max E(U(W))

w

under the constraint w'1 =1 and w > 0.
Following Harvey et al.(2004) we consider a family of linear utility functions
to describe the agents’ preferences, i.e.

U(l+w'yns1) = W'yni1 — AW (Ynt1 — mp)]* + YW (Ynr1 — mp)]?

where my = [ yn410 (Yn+1| ¥) dyns1 is the predictive mean of future
returns y,+1

So that the expected utility (with respect to the predictive density) will be
E(UW)) =wmp— A'Vow + ywSpw @ w

This is particularly useful for the analysis of the optimal portfolio changes
due to different levels of the second or third moment sensitivities.

As suggested by Harvey, Liechty et al. (2004), for a general utility function,
the Bayesian framework can be used to evaluate and optimize the expected
utilities. The expected utility can be estimated via Monte Carlo simulation by
generating a set of G draws yﬁfﬁl ~ p(Yn+1| y) from the posterior predictive

distribution and then averaging the utility over the values obtained, i.e.

EUW)] = ElU(1+w'ynt1)] =

U(l+ w’yflg_zl)

Ma

= [Z UL+ wyns1)p (Yn+1| ¥) d(ynt1) = L 1

g
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The expected utility can then be optimised with numerical methods. To
perform the optimisation, Harvey, Liechty et al. propose a Metropolis-Hastings
algorithm to explore the expected utility as a function of the weights w.

4.2 Specifying additional information in the model.

One of the advantages of the Bayesian approach is that it allows to reflect sub-
jective views or financial information about the future returns. Many studies
have already taken advantage of this feature of the Bayesian approach by the
inclusion of subjective information in the priors. This gives a framework where
investors combine individual views with market equilibrium to select their port-
folios. Then these portfolios, based on their composition or performance, lead
the investor to update their initial opinions. An example in which the market
views of the investor are used to affect the asset-allocation process is provided
by Black and Litterman (1993). In their model the investor’s views are com-
bined with CAPM-implied expected returns to select optimal portfolios. Pastor
(2000) proposes a portfolio selection methodology that includes in the priors
the investor’s degree of confidence in an asset pricing model.

In the hedge fund context this feature allows to include in the asset allo-
cation procedure all the information arising from the analysis of the strategies
adopted in the return-generating process. As shown in Section 2, a consistent
amount of information can be retrieved from the analysis of the different strate-
gies. In particular, information concerning the direction of the skewness of the
returns generated by the different hedge funds styles is available. By appropri-
ately adjusting the prior on the parameter that regulates the skewness is then
possible to include this information in the model.

Moreover this feature is particularly valuable in a context where the data is
scarce. Here, often, the full behaviour of the return generating process has not
yet been disclosed to the data. Some of this undisclosed information can be read
from the analysis of the process strategy and included in the asset allocation
procedure. In a Bayesian framework, this prior information will be combined
with the information arising from the data to produce the posterior predictive
estimates for the parameters of the model.
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5 Application to Hedge Fund returns.

5.1 Data description.

We consider a set of returns on hedge funds indices provided by Hedge Fund
Research, Inc. (HFRI). The data provided by HFRI is based on a database
containing the returns of 3’700 funds. The monthly data is composed by 4 non-
overlapping HFRI strategy indices, representing the equally weighted returns,
net of fees, of hedge funds classified in each strategy. The indices selected are:

HFRI Equity Hedge Index (EQHg);

HFRI Relative Value Arbitrage Index (RVAr);

HFRI Event-Driven Index (EvDr);

HFRI Macro Index (Mac.);

In addition, to represent an investment opportunity in the managed futures
strategy, the Stark 300 Trader Index (St300) is included in the dataset.

The data series consists of the monthly observations for the above indices
between January 1990 and September 2004. As a preliminary investigation of
the data some summary statistics of the returns are provided in Table 1.

Table 1 - Sample moments

EQHg RVAr EvDr Mac. St300
mean 1.39 0.98 1.16 1.29 0.77
var. 6.73 1.11 3.66 6.03 11.24
skew. 0.18 -0.90 -1.34 0.31 0.82
kurt. 1.34 10.75 4.85 0.44 2.97

5.2 Presence of skewness. Non-normality assessment.

Test for Multivariate Normality.

In order to assess the joint non normality of the returns Mardia’s test for
multivariate normality is performed on the data.
This test involves comparing Mardia’s measures of skewness (by) and kurto-
sis (kq) with two reference asymptotic distributions. The measures for skewness

and kurtosis for a sample {Y1, ...

1L S = a3
bd:ﬁZZsz
i=1j=1
1 NA a4

(2

where M; is the mahalanobis distance, thus {M; = (Y; = Y)'S™}(Y; - Y),i=1,...

[y
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and M;; is the mahalanobis angle, thus {Mij =(Y;-Y)SHY,;-Y), i,j=1,.., n}

(Y and S are respectively the mean vector and covariance matrix estima-
tors).

Under the null hypothesis of multivariate normality the asymptotic distri-
butions of these statistics as n — oo are

§ba ~ Xz(d+1)(d+2) /6

kg—d(d+2)
\/8d(d+2)/n N1
The test rejects the hypothesis of joint normality with a p value very close
to zero for both the multivariate skewness and kurtosis measures (see Table 2).

Table 2 - Mardia’s test
ba test stat  p value

Skewness 6.16  181.92 0

kq test stat  p value
Kurtosis 56.61 17.18 0

An additional confirmation that the joint distribution is not normal is com-
ing from the QQ plot of the mahalanobis distances against a 2 distribution
(Figure 5.1). For a p-dimensional Multivariate normal distribution the maha-
lanobis distance points given by {M;; i = 1,...,n} should have approximately a
X;% distribution. As the figure shows, the distribution of the M;’s is significantly
different from a X12) . This can be assessed also by the Kolmogorov-Smirnov test
for the M; being distributed as a X;%- Here the null hypothesis is again rejected
with a p value of 0. Figure 5.2 displays a scatterplot of the data.

Ordered D data

Chi-sq(5) quantiles
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Figure 5.1 - Multivariate Normality plot. QQ plot of the mahalanobis distance
points against a X% distribution.
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Figure 5.2 - Scatterplot of the five principal hedge fund styles’ returns

Univariate tests for Normality.

In addition to the joint normality tests we also perform the tests on each
return series in order to check for univariate normality. A QQ Plot for each
of the HFRI Indices series against the normal distribution quantiles is shown
in Table 3. Most return series exhibit significant departures from normality.
Other evidence against the normality of the data is obtained by performing a
Jarque-Bera test for univariate skewness and kurtosis on the HFRI and Stark
300 return series. Table 4 shows the results for the test statistic under the
null hypothesis that the data is normally distributed and the corresponding p
values. All the strategies returns except Macro Index are failing the test at 99%
significance level.
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Table 3.- QQ Plots for the 4 HFRI Hedge Fund Indices return series and

for the Stark300 Index.
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The QQ Plots for these return series exhibit in most cases significative
departures from normality. In particular, the arbitrage strategies returns are
presenting a similar non-normal behaviour which corresponds to the presence of
negative skewness. In contrast, the Stark300 Trader Index return series present
an opposite behaviour which corresponds to positive skewness.

Table 4 - Jarque-Bera Test results.
Index Test Stat p values
HFRI Equity Hedge 12.74 0.002
HFRI Relative Value Arbitrage 823.09 0.000
HFRI Event Driven 214.18 0.000
HFRI Macro Index 3.95 0.138
Stark 300 Trader 79.94 0.000
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5.3 Definition of priors

We want to assess the impact of the introduction of the third moment on the
optimal allocation in hedge fund strategies. Parameter estimation and portfolio
optimisation is performed for both the Multivariate Skew Normal model and
the Multivariate Skew ¢ model in the family of skew elliptical distributions
proposed by Sahu et al. (2003).

For each model three different sets of priors are used to include additional
degrees of information coming from the analysis of the strategies:

e Uninformative priors;
e Informative priors;

e Highly informative priors.

The first set considers uninformative priors. Thus the parameters of the
prior distribution on the asymmetry parameter D are set to d = 0 and X5 =
100Z,. In the second set some information on the asymmetry parameter is spec-
ified taking d = (0.5, -1, —1,1,2.5)" and X5 = I,,. This corresponds to our prior
beliefs on the distribution of the returns from the strategies. Based on the anal-
ysis of the return generating process adopted by the managers in these styles
our priors assume slightly positively skewed returns for the Equity hedge style,
negatively skewed returns for the arbitrage based Relative value and Event
driven styles, positively skewed returns for the Macro style and strongly pos-
itively skewed returns for the trend following Managed futures. We will refer
to the model defined by this set as the “Informative priors” model. Finally, a
“Highly Informative priors” model is defined by using d as in the Informative
priors set and then increasing the degree of confidence in the prior information
by setting X5 = %Ip, where n is the number of observations in the data.

5.4 Estimation Results

In the Bayesian framework, the predictive moments have been calculated for
both the skewed distributions with the different sets of priors. The estima-
tion is done using a Gibbs sampler implemented in WinBUGS!®. A total of
20’000 iterations have been undertaken for each model with a burn-in of 10’000
iterations each. After this number of iterations MC errors for the estimated
parameters are usually small and convergence for the MCMC sampler seems
to have been achieved. We also considered estimates coming from drawing a
shorter chain'® from the sampler in order to assess the effect of the convergence
on the allocation.

15Spiegelhalter et al. (2003)
16The shorter chain is obtained with 10’000 iterations and a burn-in of 1’000 iterations.
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The inclusion of prior information is improving the stability of the estimates
and convergence of the sampler. The posterior densities produced are smoothed
and MC errors reduced. Using a model with informative priors is improving the
quality of the estimates and thus reducing the estimation risk. Table 5 illus-
trates the parameters’ posterior statistics and densities produced by WinBUGS
for the Skew ¢ models with uninformative priors and highly informative priors.
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Table 5 - Parameter statistics and densities.

Parameter statistics - Skew ¢t model with uninformative priors.

param. | mean | st.dev. | MC error | 2.5% | median | 97.5%
v 5.74 1.28 0.04 3.77 5.57 8.64
w1 0.60 0.71 0.05 -0.44 0.41 2.07
2] 0.92 0.31 0.02 0.38 0.93 1.46
]3] 1.36 0.37 0.02 0.70 1.34 2.07
4] -0.31 0.33 0.02 -0.80 | -0.35 0.49
n) -1.08 1.04 0.08 -2.35 | -1.37 1.82
O[1] 0.98 0.91 0.07 -0.87 1.23 2.30
0[2] 0.06 0.38 0.02 -0.59 0.05 0.74
0[3] -0.12 0.45 0.03 -1.03 | -0.09 0.67
O[4] 2.00 0.41 0.03 0.92 2.05 2.55
0[5] 2.14 1.33 0.10 -1.57 2.52 3.76
X[1,1] | 4.20 0.73 0.03 2.90 4.17 5.72
>[1,2] | 0.88 0.17 0.00 0.58 0.87 1.25
2[1,3] | 2.49 0.37 0.01 1.84 2.47 3.28
Y[1,4] | 2.46 0.44 0.01 1.69 2.43 3.39
Y[1,5] | -0.15 0.48 0.01 -1.11 | -0.15 0.80
[2,1] | 0.88 0.17 0.00 0.58 0.87 1.25
X[2,2] | 0.63 0.10 0.00 0.45 0.62 0.83
X[2,3] | 0.70 0.13 0.00 0.48 0.69 0.97
¥[2,4] | 0.62 0.15 0.00 0.36 0.61 0.93
¥[2,5] | -0.12 0.18 0.00 -0.48 | -0.12 0.24
Y[3,1] | 2.49 0.37 0.01 1.84 2.47 3.28
>[3,2] | 0.70 0.13 0.00 0.48 0.69 0.97
[3,3] | 2.23 0.31 0.01 1.68 2.21 2.92
[34] | 1.66 0.30 0.01 1.14 1.64 2.30
Y[3,5] | -0.25 0.34 0.01 -0.92 | -0.24 0.41
Y[4,1] | 2.46 0.44 0.01 1.69 2.43 3.39
>[4,2] | 0.62 0.15 0.00 0.36 0.61 0.93
>[4,3] | 1.66 0.30 0.01 1.14 1.64 2.30
X[4,4] | 3.13 0.58 0.02 2.17 3.07 4.42
>[4,5] | 1.89 0.53 0.02 0.94 1.86 3.01
Y[5,1] | -0.15 0.48 0.01 -1.11 | -0.15 0.80
3[5,2] | -0.12 0.18 0.00 -0.48 | -0.12 0.24
3[5,3] | -0.25 0.34 0.01 -0.92 | -0.24 0.41
[5,4] | 1.89 0.53 0.02 0.94 1.86 3.01
Y[5,5] | 5.57 1.46 0.08 3.05 5.46 8.58
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priors.

Parameter statistics - Skew ¢t model with highly informative
param. | mean | st.dev. | MC error | 2.5% | median | 75.0% | 97.5%
v 6.03 1.44 0.04 3.86 5.80 6.78 9.49
w1 0.87 0.19 0.00 0.50 0.87 1.00 1.25
2] 1.89 0.09 0.00 1.72 1.89 1.95 2.06
w3 2.25 0.14 0.00 1.97 2.25 2.34 2.52
4] 0.33 0.18 0.00 -0.03 0.33 0.45 0.68
5] -1.40 0.23 0.00 -1.86 -1.40 -1.25 -0.93
O[1] 0.50 0.08 0.00 0.35 0.50 0.55 0.65
0[2] -1.30 0.07 0.00 -1.44 |1 -1.30 -1.25 | -1.16
0[3] -1.44 0.07 0.00 -1.58 | -1.44 -1.39 | -1.30
6[4] | 102 | 0.08 000 | 087 | 1.02 | 107 | 117
0[5] 2.51 0.07 0.00 2.36 2.51 2.55 2.65
Y[1,1] 4.80 0.64 0.01 3.67 4.76 5.21 6.17
[1,2] 0.93 0.19 0.00 0.59 0.92 1.05 1.34
¥[1,3] 2.64 0.40 0.01 1.94 2.61 2.89 3.49
>[1,4] 2.57 0.46 0.01 1.76 2.54 2.87 3.55
¥[1,5] | -0.31 0.50 0.01 -1.32 | -0.30 0.03 0.68
Y[2,1] 0.93 0.19 0.00 0.59 0.92 1.05 1.34
X[2,2] 0.51 0.09 0.00 0.35 0.50 0.56 0.71
X[2,3] 0.69 0.14 0.00 0.45 0.68 0.77 0.98
Y[2,4] 0.63 0.17 0.00 0.32 0.62 0.73 0.98
Y[2,5] | -0.28 0.20 0.00 -0.70 | -0.27 -0.14 0.10
[3,1] 2.64 0.40 0.01 1.94 2.61 2.89 3.49
>[3,2] 0.69 0.14 0.00 0.45 0.68 0.77 0.98
>[3,3] 2.02 0.31 0.01 1.47 1.99 2.22 2.68
>[3,4] 1.71 0.32 0.00 1.14 1.69 1.92 2.39
2[3,5] | -0.38 0.36 0.00 -1.11 -0.37 -0.14 0.31
>[4,1] 2.57 0.46 0.01 1.76 2.54 2.87 3.55
>[4,2] 0.63 0.17 0.00 0.32 0.62 0.73 0.98
>[4,3] 1.71 0.32 0.00 1.14 1.69 1.92 2.39
>[4.,4] 3.98 0.57 0.01 2.99 3.94 4.33 5.19
>[4,5] 1.92 0.50 0.01 1.01 1.89 2.23 2.98
Y[5,1] | -0.31 0.50 0.01 -1.32 | -0.30 0.03 0.68
[5,2] | -0.28 0.20 0.00 -0.70 | -0.27 -0.14 0.10
>[5,3] | -0.38 0.36 0.00 -1.11 -0.37 -0.14 0.31
3[5.,4] 1.92 0.50 0.01 1.01 1.89 2.23 2.98
3[5,5] 5.58 0.96 0.02 3.94 5.51 6.17 7.69
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Skew ¢t model with uninformative priors
Densities for the parameter d:
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We obtain the estimates of the predictive moments using the expressions
shown in section 4.1. Table 6 contains the estimates for the first three pre-
dictive moments for both the skewed model adopted. The estimates obtained
with the shorter chain are displayed in Table 7. For the covariance matrix only
the diagonal elements are displayed and for the skewness tensor only the i
coordinates elements are reported. The main differences between the estimates
provided from the two models are concerning the skewness and thus the third
central moment tensor. This suggests that the model choice will be particularly
important for the asset allocation problem when the third moment is taken into
account. Indeed the investors with a higher preference for skewness will be the
most affected by the model choice. The predictive values are more conservative
than the posterior means leading to smaller values for the skewness estimates
and higher values for the variances. The difference in those estimates is vary-
ing according to the uncertainty exhibited by the parameters. The higher the
estimation error on the parameter, the higher the difference between predictive
moment and posterior mean.

The Bayes Factor analysis indicates that the Skew ¢ model fits the observed
data much better than the Skew Normal model. The probability of the data
coming from a Skew ¢ model is far higher than the probability that the observed
data are coming from a Skew Normal model. The values obtained in the Skew
Normal model for the return skewnesses are quite small. By comparing these
values with those calculated from the sample we get the impression that the
Skew Normal model is unable to completely fit the data even when a stronger
informative prior is applied.
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Table 6 - Estimates for the hedge fund dataset for all the models.

Skew Normal Models (5 Styles) MCMC with 20’000 iterations
Uninformative priors
EQHg RVAr EvDr Mac. St300
1.41 0.98 1.15 1.31 0.80
6.55 1.16 3.64 6.03 11.00
6.58 1.16 3.66 6.07 11.07
0.11 0.01 -0.03 0.12 0.19
0.10 -0.01 -0.04 0.11 0.19
Informative priors
EQHg RVAr EvDr Mac. St300
1.38 0.97 1.13 1.28 0.77
6.70 1.17 3.63 595 10.66
V, 6.73 1.18 3.65 598 10.72
S 0.01 -0.09 -0.08 0.04 0.13
S 0.00 -0.10  -0.09  0.03 0.12
Highly informative priors
EQHg RVAr EvDr Mac. St300
1.38 0.88 1.13 1.29 0.77
6.77 1.48 3.65 599 10.59
6.80 1.49 3.67 6.03 10.59
0.00 -0.30  -0.10 0.02 0.10
-0.01 -0.31 -0.11 0.01 0.10

%3 UJ|__§ <i B

< B

S

g Umﬁ< <1 B

Skew t Models (5 Styles) MCMC with 20’000 iterations
Uninformative priors
EQHg RVAr EvDr Mac. St300
1.51 0.98 1.25 1.55 0.93
7.98 1.11 3.71 7.99 13.53
8.05 1.12 3.73 804 13.65
0.56 0.14 -0.10 1.31 1.19
0.56 0.12 -0.12 1.30 1.19

Informative priors

EQHg RVAr EvDr Mac. St300
1.38 0.87 1.03 1.37 097
7.77 1.21 4.17 726 13.48
7.81 1.21 4.19 729 13.54
0.34 -1.05  -0.90 0.92 1.35
0.33 -1.07  -0.91 0.91 1.34

Highly informative priors

EQHg RVAr EvDr Mac. St300
1.34 0.69 0.92 1.27  0.92
7.63 1.97 456 6.88 13.02
7.66 1.98 4.58 691 13.02
0.21 -1.65  -0.96 0.50 1.02
0.20 -1.66  -0.97 0.50 1.02

2 CD|%< < B

2 m|~8<: < B

R UJ\%< < B
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Table 7 - Estimates for the hedge fund dataset for all the models obtained
with less simulations.

Skew Normal Models (5 Styles) MCMC with 10’000 iterations
Uninformative priors
EQHg RVAr EvDr Mac. St300
m 1.42 0.98 1.16 1.31 0.80
V656 116 3.66 6.04 11.12
V,  6.60 1.17 3.68 6.07 11.18
S 0.11 0.02 -0.02 0.11 0.15
Sp 0.10 0.01 -0.03 0.10 0.15
Informative priors
EQHg RVAr EvDr Mac. St300
m 1.37 0.96 1.13 1.28 0.77
Y 6.70 1.17 3.63 595 10.67
vV, 6.74 1.18 3.65 599 10.73
S 0.01 -0.09 -0.08 0.04 0.12
Sp 0.00 -0.10  -0.09 0.03 0.12
Highly informative priors
EQHg RVAr EvDr Mac. St300
1.38 0.88 1.13 1.29 0.76
6.78 1.49 3.65 6.01 10.61
6.82 1.49 3.67 6.04 10.67
0.00 -0.30  -0.10 0.02 0.10
-0.01 -0.31 -0.11 0.01 0.10

2 m'*a< <1 B

Skew ¢t Models (5 Styles) MCMC with 10’000 iterations

Uninformative priors

EQHg RVAr EvDr Mac. St300
1.44 0.98 1.26 159 091
7.95 1.13 3.74 819 13.95
8.02 1.14 3.76 824 14.11
0.29 0.20 -0.07 1.45 1.14
0.28 0.19 -0.08 1.45 1.15

Informative priors

EQHg RVAr EvDr Mac. St300
1.37 0.87 1.04 138 097
7.73 1.20 4.15 7.24  13.48
7.77 1.21 4.17 728 13.54
0.28 -0.94 -0.81 0.87 1.26
0.27 -0.96 -0.82 0.86 1.26

Highly informative priors

EQHg RVAr EvDr Mac. St300
1.34 0.68 0.91 1.27 093
7.68 1.98 4.59  6.92 13.04
7.71 1.99 4.61 6.95 13.09
0.22 -1.63  -0.98 048 0.97
0.21 -1.54  -0.99 048 0.97

g UJ\%< < B

g UJ\%< < B

R UJ\%< < B
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5.5 Portfolio weights

Numerical methods are applied to optimise the expected utility. Optimal port-
folio weights are calculated using the expected predicted utility. The estimates
coming from the Skew ¢t and Skew Normal models are calculated with the dif-
ferent levels of information included in the priors. For all models we consider
linear utility functions with two different levels of risk aversion (A = 10 and
A = 20) and various levels of preference for skewness (). The optimal port-
folio weights calculated for the six models considered are shown in Table 8.
Table 9 displays the optimal portfolios obtained using the Markov chain with a
smaller number of simulations. The charts are displaying the optimal weights
for different levels of the third central moment coefficient v while the sensitivity
coefficient for the covariances A is fixed. The first bar of each chart, correspond-
ing to v = 0, would be the optimal portfolio solution in a Bayesian framework
where the third moment is not taken into account.

Considering the third moment in the portfolio optimisation is producing
different allocations depending on the preference for skewness of the investor.
Moreover the model choice is strongly affecting the composition of the portfo-
lios. The allocation obtained for the two models is different in size and in the
predominant hedge fund styles used to build the portfolio. These differences,
while present even when the third moment is not taken into account (first bar of
each chart), become more important as the A increases. Thus the differences are
triggered by the skewness estimation. In the Skew Normal model more weight
is given to Relative Value strategies with Equity Hedge and Event Driven also
playing an important role. In the Skew ¢ models, the wealth allocated in Event
Driven strategies is reduced and the Macro style becomes more important. In
addition the Skew ¢ model is able to exploit Managed Futures strategies char-
acteristic of positively skewed returns by increasing the allocation in this style
as the preference for the third moment increases.

We also notice that in the model assuming a Skew ¢ distribution for the
returns the allocation is already affected by small changes in the values of the
skewness sensitivity coefficient v. In the Skew Normal model the changes in the
optimal allocation are only obtained with much stronger shifts of . This implies
that in this model an investor must have a higher preference for skewness to be
affected by the introduction of the third moment in the portfolio optimisation
problem.

Comparing the different allocations obtained as the priors are becoming
more informative, we notice that with uninformative priors the portfolios are
more concentrated. Placing informative priors on the model we achieve very
well diversified models even without imposing any restriction on the weights.
The additional information that we can include in the model by using informa-
tive priors can improve the quality of the estimates and therefore decrease the
estimation risk. This can provide better results in the portfolio selection.
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Table 8 - Portfolios obtained by changing the value of the skewness (sensi-

tivity) coefficient ~.

Skew Normal Model (5 Styles) MCMC with 20’000 iterations
Uninformative priors

[ Stark [ Stark
@ Macro @ Macro
W E-Driv W E-Driv
ERV Arb ERV Arb
W Eq Hed W Eq Hed
gamma
A=10 A=20
Informative priors
100%
90%
80%
70%
60% [ Stark [ Stark
50% @ Macro @O Macro
40% W E-Driv W E-Driv
ERV Arb ERV Arb
30% M Eq Hed M Eq Hed
20%
10%
0%
10%
gamma
A=10
Highly informative priors
[ Stark O Stark
@ Macro @ Macro
W E-Driv W E-Driv
ERV Arb ERV Arb
W Eq Hed W Eq Hed

gamma

gamma

A=10

A=20




Expected Utility and Moments for some of the above displayed portfolios.

Skew Normal - Uninformative priors
A 10 10 10 10 10
¥ 0 1800 3600 5400 6000
EU  0.009 0.010 0.017 0.020 0.023
myr 119 1.24 141 137  1.37
varp s 243 291 6.51 494 493
Skyy 0.0l 006 015 019 0.21

) 20 20 20 20 20
v 0 1800 3600 5400 6000
EU  0.008 0.008 0.009 0.015 0.018
m,; 104 1.05 121 138 1.37
vary; 116 118 259 508 5.01
Sk,; 001 004 013 019 021

Skew Normal - Informative priors
A 10 10 10 10 10
vy 0 1800 3600 5400 6000
EU  0.009 0.009 0.011 0.025 0.029
myy 116 116 1.28 077 0.77
varp s 243 239 591  10.60 10.60
Sk 0.00 -0.01 0.08 0.15 0.15

) 20 20 20 20 20
v 0 1800 3600 5400 6000
EU  0.008 0.008 0.008 0.007 0.018
my,; 101 1.01 102 107 0.77
vary; 112 111 114 1.94  10.60
Skpy  -0.02 -0.03 -0.04 0.05 0.15

Skew Normal - Highly informative priors
A 10 10 10 10 10
vy 0 1800 3600 5400 6000
EU  0.009 0.010 0.016 0.026 0.030
myy 115 120 138 1.38 1.38
varp s 250  3.08 6.73  6.73 6.73
Sky,p 0.00 0.06 0.13 020 0.22

) 20 20 20 20 20
v 0 1800 3600 5400 6000
EU  0.007 0.007 0.009 0.019 0.024
my,; 100 1.03 131 138 1.38
vary; 137 156 528 6.73  6.73
Sk,; -0.04 002 015 020 0.22
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Skew t model (5 Styles) MCMC with 20’000 iterations

Uninformative priors

100%
90%
80%
70%
60% O Stark [J Stark
50% @ Macro @ Macro
E-Driv E-Driv
40% u u
ERV Arb ERVArb
30%
W Eq Hed W Eq Hed
20%
10%
0% 9
0 40 80 120 160 200 240 280 320 360 400 40 80 120 160 200 240 280 320 360 400
-10% -10%
gamma gamma
Informative priors
100%
90%
80%
70%
60% [ Stark O Stark
50% @ Macro @ Macro
E-Driv E-Driv
40% u u
ERV Arb ERV Arb
30%
M Eq Hed W Eq Hed
20%
10%
0%
0 40 80 120 160 200 240 280 320 360 400 40 80 120 160 200 240 280 320 360 400
-10% -10%
gamma gamma
Highly informative priors
[ Stark [ Stark
@ Macro @O Macro
W E-Driv W E-Driv
ERV Arb ERV Arb
W Eq Hed W Eq Hed

80 120 160 200 240 280 320 360 400

gamma

40

80 120 160 200 240 280 320 360 400

gamma

A=10
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Moments for some of the above displayed portfolios.

Skew t - Uninformative priors

A 10 10 10 10 10

¥ 0 120 240 360 400
EU  0.010 0.011 0.015 0.018 0.020
myy 131 154 155 1.55 1.55
varp s 295  6.60 7.95 795 7.95
Sk, 067 118 135 135 1.35

A 20 20 20 20 20

¥ 0 120 240 360 400
EU  0.008 0.008 0.009 0.009 0.012
my,y 111 113 117 1.28 1.55
varp s 141 149 1.74 288 7.95
Sk, 048 059 077 112 1.35

Skew t - Informative priors

A 10 10 10 10 10

vy 0 120 240 360 400
EU  0.009 0.009 0.011 0.020 0.023
myy 115 1.22 130 097 0.97
vary s 2.66  3.36  4.84 1342 13.42
Skyyp 032 053 099 136 1.36

A 20 20 20 20 20

vy 0 120 240 360 400
EU  0.007 0.007 0.007 0.007 0.007
myy 1.00 099 1.02 112 1.14
vary s 1.37 0 132 149 234 2.69
Skyy 0.04 -0.01 026 069 0.81

Skew t - Highly informative priors

A 10 10 10 10 10

vy 0 120 240 360 400
EU  0.008 0.008 0.009 0.010 0.010
myy 1.08 122 122 119 1.18
varp s 292 4.27 451 454 4.57
Sk, 010 055 0.68 0.77 0.78

A 20 20 20 20 20

vy 0 120 240 360 400
EU  0.006 0.006 0.006 0.006 0.006
myr 092 094 097 1.04 1.06
varp s 1.80  1.88  2.03 253 2.73
Sk, -0.21 -0.08 0.07 0.35 0.42
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Table 9 - Charts of the optimal portfolios obtained using a Markov chain

with a smaller number of simulations.

[ Stark

@O Macro

W E-Driv

ERVArb

W Eq Hed

000 iterations
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60%

40%

20%

0%
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W E-Driv

ERV Arb

B Eq Hed
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Skew t models (5 Styles) MCMC with 10’000 iterations

Uninformative priors

100%
90%
80%

70%

[ Stark
@ Macro
W E-Driv
ERV Arb
W Eq Hed

60%
50%
40%
30%

20%
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0%
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0 40 80 120 160 200 240 280 320 360 400

gamma
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@O Macro
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ERV Arb
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0 40 80 120 160 200 240 280 320 360 400
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100%
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ERV Arb
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0 40 80 120 160 200 240 280 320 360 400
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ERV Arb
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6 Conclusions

This thesis provides an application of recent improvements in portfolio selection
methods that address the inclusion of higher moments and parameter uncer-
tainty in the portfolio selection task. In particular, the Bayesian approach
developed by Harvey, Liechty et al.(2004) is applied to hedge fund portfolio
selection and extended to include together with a model based on the Skew
Normal distribution, also a model assuming a Skew ¢ distribution for hedge
fund returns. Our results confirm that introducing skewness in the asset al-
location task will produce a different allocation for investors with skewness
preference. The results obtained by fitting this skewed distributions to hedge
fund returns data suggest that the Skew ¢ model can improve significantly the
description of the return distribution in the hedge fund context. In addition,
the inclusion of the third moment in the portfolio selection process becomes
much more important if returns are assumed to be driven by a Skew ¢ distribu-
tion. In this case, in fact, the allocation is affected by the inclusion of the third
moment for lower coefficients of the skewness preference.

An additional feature of the model is exploited by setting informative priors
reflecting additional information that in this context can be retrieved from the
analysis of the strategies adopted in the different hedge fund styles. We show
that the use of informative priors can improve the quality of the estimates and
thus reduce the estimation risk.

The portfolio choice problem examined is a static one, which is not taking
into account the investment horizon and other issues considered by the growing
research in the field of dynamic asset allocation. However, the analysis provided
is important in understanding issues in portfolio selection such as the inclusion
of higher moments and parameter uncertainty. Another limitation of the model
proposed is the use of a diagonal matrix D in the derivation of the skewed
distributions. Using an approach assuming a full matrix for D could provide
some additional insights, in particular concerning the evaluation and analysis
of the coskewnesses.

Another improvement that could be addressed in future research is the de-
velopment of a model based on the skewed class of distributions recently pro-
posed by Ferreira and Steel.(2004). This family of skewed distributions is more
flexible than the one proposed by Sahu et al. (2003) and its characterictics
could provide an improvement in fitting the return distributions.
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Appendix
A.1 - Full conditionals for the Skew Normal model.

Assuming n independent observations for Y. The full conditionals for this
model can be calculated as:

Zi|y,uD,% ~ Ny(A ta;, A71) I(z > 0)
11y, 2,D, % ~ Ny(M,, g, M)

6|y, Z,pu, % ~ Ny(B~'b,B71)
Y|y,Z,pu, D ~ IWy(cs +n,C)

where

a;=D'S Ny — p) ;

A=Ds'D+1,;

_ 1y 1 _ LU
m, = (E#1+n2 1) <2M1m+§12 I(Yi—Dzi));

M, = (2" +az )7

B=3%;'+ 3 diag(z;) S diag(z;)
i=1

n

b= 21 diag(z:)X " y; — ) + 5 'd

n

C= ; ((yi — (u+Dz)) (yi — (p+Dz;)) + Q)
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